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Abstract 

Let r be a graph and a Markov chain. Assume that E satisfies the doubling measure property and 
the kernel pk of E* verifies pointwise estimates, for example pointwise sub-Gaussian estimates. We prove 
of the -boundedness of the Riesz transform VA 2 for any p 6 (1,2), and so extend the main result of 
[CD99] and [RusOO] to spaces with fractal structures (Sierpinski gaskets, ...). 

The -boundedness of VA 2 is deduced from the H^{T)-H^{Ty) boundedness of the Riesz transform, 
where //hH and //'(Tp) stand respectively for an Hardy space of functions and for an Hardy space of 
1-forms. The interpolation between our space //'(T) and L^(r) provides U’(r), and is therefore bigger 
than the Hardy space defined via Gaffney estimates ([AMR08], [Fen]). 

The same results holds on Riemannian manifolds and an alternative proof can be -boundedness of 
the Riesz transform can be found in [CCFR15]. 

Keywords: Graphs - Hardy spaces - Riesz transform - Markov kernel - sub-Gaussian estimates. 
MSC2010: Primary: 42B20, Secondary: 42B30 - 60J10 - 58J35. 


Contents 


1 Introduction and statement of the results 3 

1.1 Introduction. 3 

1.2 Main result. 4 

2 Notations and tools 6 

2.1 The discrete setting. 6 

2.2 Metric. 8 

2.3 Pointwise and Gaffney estimates for y). 9 

2.4 Tent spaces. 9 

2.5 Interpolation. 11 

3 Off-diagonal estimates 13 

3.1 Gaffney estimates, first results . 13 

3.2 Gaffney estimates for the gradient. 16 

3.3 Off diagonal decay of Lusin functionals. 20 


‘The author is supported by the ANR project “Harmonic Analysis at its Boundaries”, ANR-12-BS01-0013-03 


1 














Equality of Hardy spaces 

4.1 Definition of Hardy spaces . 

4.2 n c E' . 

mol quad 

4.3 c //', nL^. 

quad mol 

4.4 Completion of Hardy spaces. 


24 

24 

26 

28 

33 


5 Proof of Theorem 1.6 


34 


A Examples of graph satisfying (D^) and (UE^) 35 

B The case of Riemannian manifolds 40 

B.l Results. 40 

B.2 Properties of the space H^{M) . 40 

B.3 Discussion on the proofs. 41 

B.4 Manifolds satisfying (D^) and (UE^) . 42 


2 










We use the following notations. A{x) < B{x) means that there exists C independent of x such that 
A{x) < C B{x) for all x, while A{x) - B{x) means that A{x) < B{x) and B{x) < A{x). The parameters from 
which the constant is independent will be either obvious from context or recalled. 

Furthermore, if E, F are Banach spaces, E <z F means that E is continuously included in F. In the same way, 
E - F means that the norms are equivalent. 

1 Introduction and statement of the results 

1.1 Introduction 

Let d € N*. In the Euclidean case R^, the Riesz transforms are the linear operators 5y(-A)~5. A remarkable 
property of the Riesz transforms is that they are bounded for all p e (1, +oo) (see [SteVOa, Chapter 2, 
Theorem 1]), which implies the equivalence 


d 



( 1 . 1 ) 


for any p e (l,+oo). It allows us, when p e (l,+cx3), to characterize IT'’^(R^) as the spaces of functions 
/ e LP(R‘^) satisfying e L^(R'^) and to extend the Sobolev spaces IT^’^^(R'^) to the case where s is 

not an integer. 

The LP boundedness of Riesz transforms has been extended to other settings. Let M he. n complete 
Riemannian manifold, with V the Riemannian gradient and A the Beltrami Laplace operator. Assume M 
is doubling. Under pointwise Gaussian upper estimate of the heat kernel ht, the Riesz transform VA “2 
is bounded on LP{M) for all p € (1,2] (see [CD99]). When p > 2, the LP boundedness of the Riesz 
transform holds under much stronger condition, expressed in term of Poincare inequalities on balls and of the 
domination of the gradient of the semigroup in for some q > p (with L? Poincare inequality, see [CD03] ; 
with Poincare inequality, see [BCP14]). Similar results were established in the case of graphs (see [RusOO] 
when p <2, see [BR09] when p >2). 

We are interested now by the limit case p = 1. It appears that the Hardy space FI^ is the proper substitute 
of when Riesz transforms are involved. In the Euclidean case, FI^(W^) can be defined as the space of 
functions / € L^(R‘^) such that dj{-A)~^f € L^(R'^) for all j € (see [LS72]). Moreover, the Riesz 

transforms dj{-A)~ 2 , that are bounded from //*(R^) to L^(R'^), are actually bounded on //^(R^). 

This last result, namely the boundedness of the Riesz transform, has been extended to complete Rie¬ 
mannian manifolds in [AMR08] - completed in [AMM15] - and on graphs in [Len], under the only assumption 
that the space is doubling. In order to do this, the authors introduced some Hardy spaces of functions and of 
forms defined by using fhe Laplacian. In [AMR08], when M is a (complefe doubling) Riemannian manifold, 
fhe aufhors deduced fhen a HP{M) boundedness of fhe Riesz fransform for p e (1,2), where fhe spaces FIP 
are defined by means of quadrafic funcfionals. Under poinfwise Gaussian upper esfimates HP{M) = LP{M) 
and fhus fhey recover LP{M) boundedness of fhe Riesz fransform obfained in [CD99]. 

Our goal in fhis paper is differenf fo fhe one in [AMR08] and [Len]. If we have some appropriate pointwise 
estimates on the Markov kernel - such as sub-Gaussian estimates - we build Hardy spaces of functions //^L) 
and of 1 -forms FI^{Ty) such that: 

• The Riesz transform is bounded from //^(L) to FI^{Ty), 


• Any linear operator bounded from //'(L) to L'(L) and on L^(L) is also bounded on LP(Y) for any 
pe(l,2). 
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In particular, the Hardy spaces defined here are bigger (or equal) than the ones in [Fen], and the L^(r) 
boundedness of the Riesz transform will be obtained for a class of graphs strictly larger than the ones in 
[RusOO, Fen]. All our results can be adapted to the case of Riemannian manifolds. We discuss the main 
differences befween fhe fwo cases in Appendix B. 

Even if our goal differs from [AMR08], fhe proofs of fhis article follow and exfend fhe mefhods infroduced 
in [AMR08] and [HM09], which consisf fo build Hardy spaces using only Gaffney-lype esfimafes. These 
mefhods have been adapfed fo Hardy spaces on general measured spaces in [HLM^ll] and on graphs in 
[Fen]. Moreover, on a manifold M and under sub-Gaussian esfimafes of fhe heaf kernel, a Hardy space 
H^{M) of functions has been builf in [KU15], [Chel4]. The Hardy space H^(T) in fhe presenf paper is fhe 
counferparf of fhis space H^{M) on graphs. 

Nofe fhaf a more direcf proof of fhe boundedness of fhe Riesz fransform under sub-Gaussian esfimafes 
for p € (1,2) can be now found in [CCFR15]. To do if, fhe aufhors proved fhe weak -boundedness of 
fhe Riesz transform by using an idea of the present paper, that is a new use of the relation of Stein [SteVOb, 
Lemma 2, p.49]. Contrary to the present paper, the article [CCFR15] is primarily written in the case of 
Riemannian manifolds. 

1.2 Main result 

Let consider a infinite connected graph with measure m. We write x ~ y if the two vertices x and y are 
neighbors. A finite sequence of vertices xq, ..., x„ is a path (of length n) if x,_i ~ x,- for any i € [[1, n]]. The 
canonical distance d(x, y) is defined as fhe lengfh of fhe shorfesf pafh linking x fo y. We denofe by Bs{x, r) fhe 
open ball of confer x and of radius r and by Vs{x, r) fhe quantify m{Bg{x, r)). 

Lef be a Markov chain - or discrefe semigroup - on F and lef Pk{x,y) the kernel ofP^. We define a 
posifive Laplacian by A := / - P, a lengfh of fhe gradienf by V, fhe "fangenf bundle" of F by Pp and fhe 
"external differentiation" by d. Complete definilions and properties are given in Section 2.1. 

We have from fhe definilion and specfral fheory, for all / € L^(F), 

= IIV/llf,,r, = (A/./) = lh''VC,,r, ■ 

One says fhaf fhe Riesz fransform VA“^^^ is LP bounded on M if 

l|V/||p<||A'/V||p, yf€C^{M). (Rp) 

The firsf condition we need on fhe graph is fhe following one 

Definition 1.1. There exists € := €lb such that, for any x € F, 

(Pll,)(x) > 6. (LB) 

The condition (LB) mean fhaf fhe probabilify fo slay on one poinl is uniformly bounded from below. If 
implies in parficular fhe following esfimafe on P*^: 

IIAPVIIl^ <Cy||/||p2. (1.2) 

k 

Nofe fhaf a discrete semigroup P^ satisfying (1.2) is said analyfic (see [CSC90]). The converse implication 
(1.2) fo (LB) doesnT hold. Buf, under a doubling volume properly, (1.2) forces an odd power of P fo satisfy 
(LB) (see [Lenl5c]). 

Our article aims fo exfend fhe following slalemenl for fhe Riesz fransform on graphs (see [Len, Theorem 
1.40 and Remark 1.41a], see [AMR08] for fhe counferparf on Riemannian manifolds, see also [CD99] and 
[RusOO]). 
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Theorem 1.2. Let Y be a graph satisfying the volume doubling property 

Vs(x, 2r) < Vsix, r) dx € M, Vr e N.. (D 2 ) 

Then, the Riesz transform is bounded from to where H^giiY) and //jjCTr) stand for some 

complete spaces included in respectively L^(r) and L}{Ty). 

Assume moreover that the kernel pk of satisfies the pointwise upper estimate 

Pk{x,y) < -exp i-c ^ ^ \/x,y € M, t > 0, (UE 2 ) 

Vsix, V^) I ^ / 

for some c > 0. Then the Riesz transform VA ~2 A bounded on LP(Y) for any p e (1,2). 

Note that in particular, we didn’t know previously any case of graphs where the boundedness of Riesz 
transform holds for any p € (1,2) and where the pointwise Gaussian estimate (UE 2 ) doesn’t hold. 

We want to define some condition on kernel p/c(x, y) weaker than the pointwise Gaussian estimates. Eix 
j8 a function on M^, 1 < j8 < B < + 00 . Define p{x,y) = 6{x,y'f^^'^^ and Vp{x, k) = m{{y € M, p{x,y) < k}). 

Definition 1.3. We say that M satisfies (UE^) if for any N € N, there exists C^/ > 0 such that 

Pk-\{x,y) < Tx,yeM,k>\. (UE/j) 

Check thaf the condition (UE 2 ) implies (UE^g) when fi = 2. We let the reader see Appendix A to see 
examples of graphs satisfying (UE^) for various functions /? and references on these pointwise (non necessary 
Gaussian) estimates. 

Remai'k that pk-iix,y) can be replaced equivalently by pifx,y) in (UE^). Yet the shift in k allow us to give an 
estimate of pn{x,y) for any n > 0. 

Definition 1.4. We say that M satisfies (D^) if 

Vp{x, 2r) < Vp{x, r) Vx e M, dr > 0. (D^) 

Note that when /? is a constant function, then (D^g) is equivalent to (D 2 ). Note also that the assumption 
(Dgg) yields 

Proposition 1.5. Let E satisfying (Dgg). Then there exists d > 0 such that 

Vp{x, Ar) < A‘^Vp{x, r) Vx e Y, r > 0 and A > 1. (1.3) 

Our main result is 

Theorem 1.6. Let (E, m) be a connected graph and P a random walk on E. Assume that Y satisfies (D^g) and 
(UEgg). Then there exists two complete spaces H^{Y) c L\Y) and H^{Ty) c L}{Ty) such that: 

1. The Riesz transform dA^: is an homomorphism between H^(Y) and H^{Ty). 

2. Every linear operator bounded from H^{Y) to E*(r) and bounded on I^iY) is bounded on LP(Y)for any 
pe(l,2). 

As a consequence, the Riesz transform VA^z is bounded on LP{M)for any p e (1,2). 
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Remark 1.7. Actually, the point (2) of the above Theorem can be extended to linearizable operators. The 
linearizable operators are a subclass of the sublinear operator containing the quadratic functionals and the 
maximal operators, see [BZ08, Definition 5.2]. 

The plan of the paper is as follows. Section 2 introduce the discrete setting and the main notations. 
Moreover, we introduced the tools used in the paper, such as the decomposition in atoms in tents spaces or 
the interpolation with Hardy spaces. Section 3 provides the estimates needed in the sequel of the article. In 
particular, we give some crucial off-diagonal esfimafes on fhe gradienf of fhe Markov chain P^, by using a 
relafion of Sfein ([SfeVOb, Chapfer 2, Lemma 2]) and if adapfafion fo fhe discrefe case ([Dun08], [Fenl5b, 
Secfion 4]). In Section 4, we give some equivalenf definifions of fhe Hardy spaces of funclions and of 1- 
forms. In Secfion 5, we prove fhe Theorem 1.6. More exacfly, we will check fhaf fhe Hardy spaces previously 
consfrucfed in Secfion 4 safisfies fhe assumption of Theorem 1.6. In Appendix A, you will find examples 
of manifolds satisfying (UE^j) for various functions /?. We prove in fhis secfion fhaf fhere exisfs a graph 
fhaf safisfies (UEyg) for some non consfanf /? and fhaf doesn’f satisfy (UE^g) for any p = m consfanf. Af lasf. 
Appendix B is devofed fo fhe sfafemenf of fhe counfeiparf resulfs in fhe case of Riemannian manifolds. We 
discuss fhere few differences wifh fhe discrefe case. 


2 Notations and tools 

2.1 The discrete setting 

Eef E be an infinife sef and jUxy = Pyx > 0 a symmefric weighf on E x E. The couple (E, p) induces a (weighted 
unorienfed) graph sfrucfure if we define fhe sef of edges by 

E = {{x,y) €Txr, pxy> 0). 

We call fhen x and y neighbors (or x ~ y) if and only if (x, y) € E. 

We will assume fhaf fhe graph is locally uniformly finite, fhaf is fhere exisfs Mq € N such fhaf for all x € E, 

#{yeE,y ~x} <Mo. (2.1) 


In ofher words, fhe number of neighbors of a verfex is uniformly bounded. Nofe fhaf a graph fhaf satisfies 
(D 2 ) or (D^) is necessary locally uniformly locally finife 

We define fhe weighf m{x) of a verfex x e E by m(x) = 'Ejx-v Pxy- More generally, fhe volume (or measure) of 
a subsef E c E is defined as m{E) Y,xeE m{x). 

We define now fhe LP(T) spaces. Eor all 1 < p < - 1 - 00 , we say fhaf a funclion / on E belongs fo L^(E, m) (or 
LP{T)) if 



^ |/(x)|^m(x) I 


< - 1 - 00 , 


vxsr 


while L°°(E) is fhe space of functions satisfying 


ll/lloo := sup|/(x)| < - 1 - 00 . 

xer 


Eel us define for all x, y € E fhe discrefe-lime reversible Markov kernel p associafed wifh fhe measure m by 
p{x,y) — ■ The discrefe kernel pk{x,y) is fhen defined recursively for all k > Oby 


Po{x,y) - §1 

Pk+\{x,y) = P(x,z)Pkiz,y)miz). 


( 2 . 2 ) 
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Notice that for all ^ > 1, we have 

\\Pk{x, .)|lLi(r) ^ Y^Pk{x,y)m{y) = ^ pk{x,y)m{y) = l WxeT, (2.3) 

ysr d(x,y)<l 

and that the kernel is symmetric: 

Pk{x,y) = Pk(y,x) Vx,yer. (2.4) 

For all functions / on F, we define P as the operator with kernel p, i.e. 

Pfix) = ^ p{x,y)f{y)m{y) Wx e F. (2.5) 

yer 

Note that in this case, the assumption (LB) becomes 

p{x, x)m{x) > €lb V.r € F (LB) 

Check also that is the operator with kernel pk- 

Since p{x,y) > 0 and (2.3) holds, one has, for all p € [1, +oo] , 

WPWp^P < L (2.6) 

Remark 2.1. Let 1 < p < +oo. Since, for all k > 0, ||P*^|| ^ < 1, the operators (/ - P'f and (/ + P^ are 
L^-bounded for all > 0 (see [CSC90]). 

We define a nonnegative Laplacian on F by A = / - P. One has then 


(A/,/>z,2(r) = Yu P(-^’3')(/(^) -/Cv))/(^)'«W'«Cv) 

x,yeT 


(2.7) 


x,yer 


where we use (2.3) for the first equality and (2.4) for the second one. The last calculus proves that the 
following operator 


V/(^) - 


i Y P(^’3')l/Cy) - f{x)\^m(y) 


yer 


called “length of the gradient” (and the definition of which is taken from [CG98]), satisfies 


WVfWY^ =< A/, / >^2(r)= WfWYy (2.8) 

We recall now definitions of 1-forms on graphs and their first properties (based on [Fen]). We define, for all 
.V e F, the set = {ix,y) € F^, y ~ x] and for all set P c F, 

Te = [JPx = {(.X,j) € ExT,y ~ x}. 

xeE 


Definition 2.2. If x eY, we define, for all functions Fx defined on Tx the norm 


\Px\Tx - 




Moreover, a function F : Pp —> R belongs to LP{Ty) if 
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(i) F is antisymmetric, that is F{x,y) = -F(y, x)for all x ~ y, 


(ii) ll^llL/^(rr) := \\x ^ \Fix, < +oo. 

The Hilbert space I?'{Ty) is outfitted with the inner product {■, •) defined as 

(F,G) ^ i ^ p{x,y)F{x,y)G{x,y)m{x)m{y). 

x,yeT 


Definition 2.3. Let f a function on Y and F an antisymmetric function on Ty- Define the operators d and d* 
by 

df{x,y) := fix) - fiy) dix,y) € Ty 


and 

d*Fix) := ^ pix,y)Fix,y)m(y) dx € Y. 

V~X 


Remark 2.4. It is plain to see that d*d = A and \dfix, .)| 7 ’^. = fix). 

As the notation d* suggests, d* is the adjoint of d, that is for all / e L^(Y) and G € L^(rr), 


{df,G)Y^Tr)-{f^d*G)Y2(Yy (2.9) 

The proof of this fact can be found in [BR09, Section 8.1]. 

We introduce a subspace of called defined as the closure in L^CTp) of 

E^iTY) :={Fe L^CTp), 3/ € L^iY) : F = df}. 

Notice that dE~^d* - IdY: 2 (^j-y (see [Fen]). The functional dA~^d* can be extended to a bounded operator on 
H\Ty) and 

dA~^d* = Idnifjy. ( 2 . 10 ) 

Let us recall Proposition 1.32 in [Fen] . 

Proposition 2.5. For all p € [1, +oo], the operator d* is bounded from L^(rr) to L^(F). 

The operator dA ^2 is an isometry from L^(F) to //^(Tp), and the operator A^^d* is an isometry from //^(Tp) 
to L2(F). 


2.2 Metric 

As said in the introduction, the distance d(x, y) is defined as the length of the shortest path linking x to y. In 
our computations, we will suppose that there exists a function p (bounded from below by 1 and from above 
by B) such that (Dyj) and (UE^) holds on F. Fix p := Check that we have 

p(x,z) < 2^~'[p(x,y)+p(y,z)], (2.11) 


that is p is a quasidistance on F. 

The metric used in the sequel will be the one of p := d^. More precisely, when k € W and x e F, the 
balls Bix,k) denote the sets [y € F, p(x,y) < k], the notation Vix,k) is used for /m(B(x, k)). Besides, the set 
Coix,k) denotes B(x,2^'''^) and when j > 1, the sets Cjix,k) denote the annuli Bix,2^'''F^k) \ Bix,l^^^k). 
The important point is to remark that 


p(B(x, k), Cjix, k)) > 2^k. 


Indeed, for any y e B{x, k) and z € Cj{x, k), we have 

2^+4 < p{x,z) < 2 ®-' \p{x,y) + p(y,z)\ < 2®-4 + 2’^-^p(y,z) 


and thus 


2^+i - 2 ®“^ 

p(y,z) > —- k > 24. 


2.3 Pointwise and Gaffney estimates for pj,(x,y). 

Proposition 2.6. Let {T,p) satisfying (LB), (UE^) and (D^). Then for all 7 € N and all N eM, there exists 
Cj.N such that 

where D(l) stands for the operator on sequences: 


D{l)pk-i ^ Pk- Pk-i- 

Proof The proof of this result can be done with the same method as [Dun06, Theorem 1.1] (see also [Fenl5b, 
Theorem A. 1]). □ 

We can deduce the following L'-L^ Gaffney estimates. 

Corollary 2.7. Let (r,/r) satisfying (LB), (UE^) and (D^j). Let 7 € N and A € N. 

If the sets E, F c F, xq & T and ^ € N satisfies one of the following condition 

1. sup{pixo,y), y € F} <2^p{E,F), 

2. sup{p(A:o, a:), x e E} < 2^p{E,F), 

3. sup{pixo,y), y € F] < k, 

4. sup{p(.ro,.r), x€E} <k, 
then for any f e L^(r), 

< -^(1 ll/ll,,, 

where the constant Cj^st depends only on j, N and E. 

Proof. The proof of this result is similar to the one of [Fenl5b, Theorem A.3]. □ 

2.4 Tent spaces 

In all this section, {T,p) is a weighted graph outfitted with a quasidistance p = 6^ satisfying (Dyj). 

We state in this section the atomic decomposition the Tent space r‘(r). The tents spaces and their atomic 
decomposition were introduced in the case Euclidean by Coifman, Meyer and Stein in [CMS85]. However the 
methods used in [CMS 85] are not specific fo and fhe definifion of Tenf spaces - as well as fheir properties 
- can be extended to spaces with the doubling volume property. The case of Riemannian manifolds has been 
done by Russ in [Rus07]. Some definitions and results in the case of graphs (endowed with a quasidistance) 
are given here, but the proofs - similar to the ones of [CMS 85] and [Rus07] - are avoided. They can be found 
yet in [Fenl5a, Section D.3]. 
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Definition 2.8. 'We introduce the following sets in T x N*. If x 


ifF c r, 


yix) = {(y,k) e r X N*, p{x,y) < k], 
F = \Jyix) 

xeF 


and if O cY, 

d^{(y,k)€Yxf^*,p(y, 0^)>k}. 

We define the functionals ^ and C mapping functions F X N* into functions on Y by 


Wx) = 




7 m 2 

:\f(y, k)\ 


\(y,k)ey{x) 


kV{x, k)' 


and 


Cf{x) ^ sup 

xeB 




I 

'\ 2 


V{B) k 

(y,k)eB 


For any p € [1, +oo), the tent space T^(Y) denotes the space of functions f on Y xN* such that ^f e L^\Y). 
Moreover, the tent space r°°(r) is the space of functions f onY x'H* such that Cf € L°°(Y). The tent space 
TP(Y) is equipped with the norm WfWrp = II^/IIlp (or ||/||r~ = IIC/Hl™ when p = oo). 

Remark 2.9. One has the following equality of sets 

d" - (Of. 

Definition 2.10. A function A defined on F x N* is a T^-atoni if there exists a ball B such that 
(i) A is supported in B, 

Lemma 2.11. There exists a constant C > 0 such that, for every T^-atom A, one has 

IIAlIri < C 

and 


||A||7’2 < 


C 


V(B)2 


Theorem 2.12. (i) The following inequality holds, whenever f € r^(F) and g € T°°{Y): 

m(y) 


^ k)\ < ^ 2Rf{x)Cf{x). 


Cy,i:)erxN* 


f a ) The pairing 


{f.g)= z 


miy) 


yer 


\f(y,k)g(y,k)\ 


(y,k)erxW 

realizes T°°{Y) as equivalent to the Banach space dual ofT^iY). 

(Hi) Every element f € r^(F) can be written as f = Ajaj where o/ are T^-atoms, Aj € R and X l^;i ^ 


(iv) Moreover, if f € r^(F) n T^(Y), the atomic decomposition can be chosen to be convergent in T^{Y). 
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2.5 Interpolation 

Let us recall first a result on LP boundedness of Calderon-Zygmund operators (originally due to Blunck and 
Kunstmann, see Theorem 1.1 in [BK03], see also Theorem 1.1 in [Aus07]). 

Definition 2.13. A function f onY is in L'’“(r) if 


WfWtUoo ■- sup Am{{x € T, \f{x)\ > T)) < +oo. 
^>0 


Theorem 2.14. For any ball B, let Ag be a linear operator in L^{Y). Let T be a -bounded sublinear 
operator such that for all balls B = B{x, k) and all functions f supported in B 

l|T(/ - ^ 

for all j > I and 

for all j > 0. 

If the coefficients afB) satisfy 


sup 2] 

B=B(x,k) ball ^ 


V{x, 

V{x,k) 


afB) < +00 


then there exists a constant C such that 


\\Tf\y.^<C\\f\y V/eL^nLi. 


So by interpolation, for all p e (1,2], there exists a constant C = Cp such that 

WTfWv’ < CpWfWv’ V/ € n LP. 

Our second result deals with interpolation of Hardy spaces. We reformulate here some results of [BZ08] 
in our context. 

Definition 2.15. A function a € L^(r) is called an atom if there exist x € Y and k e N* and a function 
b e L^(r) supported in B{x, k) such that 

(i) a = {l- P’^)b, 

(ii) \\b\\i 2 = \\b\\i 2 (B^^^j,)) < V{x,k)~L 

We say that f belongs to £^o(r) if f admits a finite atomic representation, that is if there exist a finite sequence 
(d, ),=o../v and a finite sequence (a, ),=o../v of atoms such that 

N 

f = Y,^iai. ( 2 . 12 ) 

;=o 

The space is outfitted with the norm 

! oo oo 

Z z AjOj, is a finite atomic representation of f 

7=0 7=0 
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Theorem 2.16. Let (r,/i,p) satisfying (LB), (D^) and (UEyj). IfT is an L^{T) bounded linear operator and if 
there exists C > 0 such that for all atoms 

liralli, < c, 

then for all p e (1,2], there exists a constant C = C(p) > 0 such that 

\\Tf\\p<Cp\\f\\p MfeLPnL^ 

The next result is an immediate corollary of Theorem 2.16. 

Corollary 2.17. Let (r,p,p) satisfying (LB), (Dyj) and (UE^g). Let ll-lk) a normed vector space that 

satisfies the continuous embedding 

4(r) C //^(E) C L‘(r). 

IfT is an L^{T)-bounded linear operator that verifies 

WTfWp <\\f\y^ v/e//^(r)nL2(r), 

then for all p e (1,2], there exists a constant C = C{p) > 0 such that 

\\Tf\\p<Cp\\f\\p \/f€LPnL\ 

Remark 2.18. This corollary will be used for the Hardy space - H^(Y) that will be defined in Section 4. 

Proof (Theorem 2. 16) Theorem 2.16 can be seen as an application of Theorem 5.3 in [BZ08]. This Theorem 
of Bernicot and Zhao provides all the conclusions of Theorem 2.16 once we checked the assumption 

sup \P'^h(y)\<CM inf , (2-13) 

ymx,k) z€B(x,k) L J 

where M stands for the uncentered maximal function of Littlewood-paley defined by 

Mf(x) = sup y lf(y)lm(y). 

* * 


Yef, wifh Corollary 2.7, fhere holds for any z € Co(x, k) D B{x, k), 
sup |E^/i(y)| < y WP'^Vhlcj(x,k)\\\L'^(B(x,k)) 

yeB(x,k) ^ 

< ^ sup y € B{x, k) E Pkiy, z)h{z)m{z) 

,/>0 z^Cj(x,k) 

^ 2 \MlHcmM sup J e B{x,k)\\pk{x, dWiHcMM 
,/>0 

^ ^ \\l'‘\\L-{B{x, 2 ‘^*i+^k)) supy e B{x,k)\\pk{x, ■)\\p{Cj{x,k)) 
j>0 


(2.14) 


If j = 0, one has for any y e B{x, k), one has fhen wifh (D^) 


E iw(j,z)iVz)< 2] 

zeCo(x,k) z€CQ{x,k) 


1 

V{x, 2^+ik)' 
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And if j > \, p{B{x, k), Cj(x, k)) > V and with Proposition 1.5 


2 ] \Pk(y,zfm{z) < 2 < 


2-27 


zeCj{x,k) zeCj{x,k) 

Reinjecting these estimates on supj € B(x,k)\\picix, ■)\\L2(Cj(x,k)) in (2-14), one has 

2-2; 


V(x, 2^+Aiit)' 




,/>0 

<2]2-22(M(|/i|2)(^)) 

y>o 


< 


{Mi\hhix)y. 


3 Off-diagonal estimates 

In this section, iT,p) is a weighted graph as defined in Section 2.1 verifying (LB). We assume that there exists 
a function yS bounded from below by 1 and from above by B such that L satisfies (D^) and (UE^). Under fhis 
circumsfances, p denotes the quasidistance and the metric considered is the one of p (see Section 2.2). 

3.1 Gaffney estimates, first results 

Definition 3.1. We say that a family of operators {Af)k satisfies LP Gaffney estimates if for any A e N, there 
exist Csi such that, for any sets E,F <zY and any function f e L^(r, ni), 

F)Y^ 

— Il/llp- (3.1) 

It is plain to observe that (3.1) is equivalent to 

\\Ak{f)\\u’{E)<CN{l + ^^—^ —ll/llp 


\\AkU^F^\\LP(E) < CAffl + 


whenever / is supported in F. 

Proposition 3.2. For any y € N and any p € [l,+oo], the family ([A:A]2P*^~')j(-gN* satisfies LP Gaffney esti¬ 
mates. 

Proof We will prove the cases p - 1 and p = +oo. The conclusion can be then deduced from these endpoint 
estimates by interpolation. 

Fix A e N. Let F,F <zY and / e LHO and ^ > 1. Since is uniformly bounded on L^L) and L°°(Y), 
we can assume without loss of generality that p{F, F) > k and A > 1. 
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We begin with p - 


\\[k^VP’' k/lF)llLl(£) = ^D(l>Vt:-iU,z)/(zMz) 

xeE zeF 

z€F xeE 


m{x) I ^ ^ p{x, z) 


Z€F 


xeE 


-N-d 


- X X X 


m{x) l^^Vp{z,E) 


zeF 


£^g[2;\2-i+i) 




-W-J 


< 


^ ^ ''fc« V * 

d 


X i/(^)i'^(2) X 


Z€F 


;>o 


1 + 


Vp{z,E)\ I Vp{z,E) 


k 

-N-d 


-N-d 


1 + 


X i/fe)i'«(z) X ( 

zeF j>0 ^ 


(2Jp{E,E) 


-N 


^ WfWp 


p{E,E) 


-N 


p{E,E) 


;>0 

-N 


^ II/IIli 1 + 


where the third line holds thanks to Proposition 2.6, the sixth one is a consequence of (1.3) and the last but 
one because p{E, E) > k and N > 1. 

We turn to the case p - +cx3. One has for all xeE, 


\[kAVP>^-\fiF)ix)\ < 2] \f{z)\m{z)[l + 


zeF 


-N-d 


ii/ik-Z z 

;>0 2jp(z,E)<p(x,z)<2j+lp{z,E) 
,-A? 


m{z) ^ p{x,E) 


V{x, k) 


-N-d 


< II/IIl- 1 + 


p{P,E) 


where the first line holds because of Proposition 2.6 and the last line is obtained as in the case p = 1. □ 

Corollary 3.3. The family (/-(/ + 5A)“^)igR* satisfies Gaffney estimates. 

To prove this result, we need the following technical lemma, whose proof can be found on [Fen, Lemma 
B.l] 

Lemma 3.4. Ear all m € N, there exists Cm such that for all s >0 and k eN, one has 


1 + 5 


<C,„ 1 + 


1 + ^ 
~n~s 
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Proof. (Corollary 3.3) 

Since 5A(/ + sA)“^ - I - {I + 5A)“\ it suffices to show the Davies-Gaffney estimates for (7 + 5A)“^ The 
L^-functional calculus provides the identity 


(7 + s^)-^f 



(3.2) 


where the convergence holds in L^(T). 

Let 77 € N, 5 e N* and E,F <zT. Since the operator (7 + sE)~^ f is uniformly bounded on 5 > 0, we can 
assume without loss of generality that > 1 and p{E, E) > s. Let / be a function supported in E. Then, one 
has with the Gaffney-Davies estimates provided by Proposition 3.2: 


+00 


i:=0 
+ 00 


+ 5 




(E) 


y—(— 

^ 1 + 5 \ 1 + 5 

A :=0 

1 

y— 


1 + 


p{E,E) 
1 + ^ 


-N 


II/IIl 


(E) 


^ \\f\y 


1 + 


1+^ 


1 + 5 


-N 


1 + 


p{E,E) 
I + k 


-N 


+ 


1 + 5 E \ + k 
1—-11 + 


k=s 


(1 + kf 


^ \\f\y 


(E) 


1 + 


p{E,E) 
1 + 5 


1 + 5 
-N 


-N 


1 + 


piE,E) 
\ + k 


-N' 


k=0 k=s 


1 + 5 
( 1+^)2 


^ll/lb(+)(l+^^) . 


where the third line is a consequence of Lemma 3.4. □ 

The next result proves that the e-molecules (defined later on Section 4) are uniformly L} bounded. 
Corollary 3.5. Let e > 0. If b e L^{T) satisfying, for some ball B = B{x, k), 


\\^\\E(Cj{x,k) ^ 


2-E 

V0B)-2 ’ 


then 

\\[i-{i + kA0]b\y <c„ 

where the constant depends only on e and T. 

Proof Let x € T and k e N*. Set B = B{x, k) and let b satisfy (3.3). Define 

a = [l-{l + kA)0b 


(3.3) 
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Corollary 3.3 yields that the family (/-(/ + ^A) satisfies Gaffney esfimafes. Moreover, check fhaf 
p{Cj{x, k), Ci(x, k)) > jf I j _ /| > g + j Thus, 

ii»ii, < Y, ''<*• 111' - <' + »*r‘i'’ll«(c,(«) 

i>o 

S H H 111' - 1' + *^)’'l['''‘c.(.fll|lB<C,W,| 

(>0 ,/>0 

< 2 ] .(,,,))+ 2 ] V{x,Vk)^\\bUHc.(.M 

\i-i\>B+\ \i-i\<B+\ 

< Yj + Y 2“'^ 

h-;|>B+l h-;l<B+l 

< 1 . 


□ 


3.2 Gaffney estimates for the gradient 

The following resulf is based on an argumenf used by Stein in [SteVOb] to prove, for p € (1,2), the L^iG)- 
boundedness of a vertical Littlewood-Paley functional where G is a Lie group. It has been adapted to the case 
of graphs by Dungey in [DunOS] and by the author in [Fen 15b]. 

Proposition 3.6. For any p € (1,2), the family ( Vk'VP^~^)kew satisfies LP Gaffney estimates. 

Proof First, assume that / is nonnegative and in L'(F) n L“°(F). We define for all k eW and all p € (1,2) a 
“pseudo-gradienf” by 

NpiP'^-^f) - -(P^-^ff-^dk + AMP’^-^m 

where for any function defined on F x N*, dkUk = u^+i - Uk- 

Moreover we define for any funcfion / defined on F fhe operator A defined by 

Afix) = Yf(y)- 

y~x 

Propositions 4.6 and 4.7 of [Fenl5b] sfafe fhe following resulfs. 

(i) For all x eV, Np{P^~^f){x) > 0. Thai is, for all .r € F, 

Jkfix) - -[dk + AMP’^-^mix) > 0. (3.4) 

(ii) For all p € (1,2], fhere exisfs C - Cp such fhaf for all k € N* and all nonnegalive funcfion / € L“(F), 
Ihere holds 

|VP'-V(x)f < C [ANpiP’^-^n] (x). (3.5) 
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As a consequence of (ii), if 0 < / e L°° and E,F cY, one has 


\T 

mix) 

xeE VV-a: , 

< 2 [NpiP^-^f)(y)f miy) 

ysE+i 




where 

E+i ^ {y eY,3x e E : ;c ~ j) c {j e T, p(y, £■) < 1). 

\ 

It remains to estimate \\(^NpiP^~^f)Y ||l;'(£’^i). Without loss of generality, we can assume that piE,F) > 
2^k > 2® (otherwise, [Dun08, Corollary 1.2] or [Fenl5b, Corollary 4.3] would provide the conclusion of 
Proposition 3.6). Under this assumption, one has p(£'+i,F) > - 1 > > piE,F). The proof of 

the case where / is nonnegative will be thus complete if we prove that for all p € (1,2), all A € N and all 
E,F c r 

||(Ap(P*^-'[/If]))"lb,(£)<-^|l + ^^^J II/IIl. \ffeLP,\fkeM* (3.6) 

with some constant C, c > 0 independent of E and E. 

In order to do this, we follow the idea of the proof of [Fenl5b, Corollary 4.3]. Let Uk - P*^~'[/ll/7], then 


l|A^p(Mjt)llLP(£) ^ ^mix)NY^iuk)ix) 

xeE 

P(2-p) 

^ ^ mix)Uj^ ^ Jkfix)P'^ 
xeE 

2 


-xeE 


xeE 


(3.7) 


< ^Efix)mix) 


xsr 


where the last but one step follows from Holder inequality and the last one from (3.4) stated above. Yet, 

^ Jkfix)m(x) = - ^ dkiul)ix)mix) 

xer xer 

< -p ^ mix)uY\x)dkUkix) 

xer 

< P\\uk\\Y‘’ WdkUkWp 

where the first line holds because Agix)mix) = 0 if g € L^, the second line follows from Young in¬ 
equality, and the third one from Holder inequality again (with ^ + y - 1)- Here \\uk\\p < \\f\\p while 

WdkUkWp = WAukWp < IWfWp by the analyticity of P on PP (given by (LB)). Thus 

^ Jkfix)mix) <^\\ffp. 

xeY 
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Substitution of the last estimate in (3.7) gives 

\\Nj{Uk)\\LP(E) < -^\f\\l\\Uk\\u,}Ey 

which ends the proof of (3.6) if we replace ||m^||lp{£') by the upper estimate given by Proposition 3.2. 

The result for the case where / € L°°(Y) n L'(r) is deduced by writing f = - /_, with f+ = max{0, /) 

and /_ = max{0, -/). Then 

I|VP'-'[/11f]||lp(£) < 


The result for the general case / € L^(r) is then a consequence of the density of L°°(r) n L^T) in L^iT). □ 

Corollary 3.7. For any p € (1,2), the family (V^V(/ + i'A)“ 2 )igi!j* satisfies some weak Gaffney estimates, 
that is for any € N, there exists Cn such that for all E,F c and all 5 e N* satisfying 

s>p{E,F), (3.8) 


||VP'^-'[/+llf]||„(£) + ||VP*^-'[/_llf]||„(£) 


C/y/ p{E,F) 

aT I ^ 

Cjv / ^ p{E,F) 

V^\ k 


-N 

[WfrWp + ll/-llp] 


-N 


up- 


one has 

\\^rs^ii+sA)-kfm\D>iE)<CN 

Proof The proof is similar to the one of Corollary 3.3. 

The -functional calculus provides the identity 


m 


WfWp- 


(/ + sA)--2f = 



(3.9) 


where the convergence holds in L^(r) and X cikZ^ is the Taylor series of the function z (1 - z)2. Note that 
ak - (see Lemma B.l in [FenlSb]). 

Let N € N, € N* and E,F czT satisfying (3.8) Let / be a function supported in F. Then, one has with 
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the Gaffney-Davies estimates provided by Proposition 3.2: 


WsVil + sA) V|Il"{£) ^ ^ 
k=0 
+00 


ak 

Vl + 5 '' 1 + 

1 


Vi + ^ Vi + 5 ^ ^ 


t :=0 


WfWmE) 


1 + 


p{E,F) 
\ + k 


-N 


\\f\\LP(F) 


^ ll/llz/(f) 


z 


1 


Lt:=0 


1 + 


\ + k 


^ Vi + ^ Vi + I ^ 

-N 


-N 


1 + 


piE,F) 
I + k 


-N 


Z 1 + 5 / \ + k 

——.(1 + 


k=s 


(1 + kf 


1 + 5 


1 + 


p{E,F) 
\ + k 


-N 


< 


ll/llz/(f) 1 + 


^ \\f\\LP{F) 1 + 


p{E,F) 

1 + 5 

p{E,F) 

1 + 5 


-N 


-N 


S . +00 

Zt^-Z 

k=o ^ k=s 


1 + 5 

(1 + k)^ 


where the third line is a consequence of Lemma 3.4. 

As in the previous paragraph, our last result deals with the uniform L*-boundedness of molecules. 
Corollary 3.8. Let e > 0. Ifb e L^(r) satisfying, for some ball B - B{x, k), 


\W\F{Cjix,k) ^^—T’ (3.10) 

V{2JB)-2 

then 

+ kA)-h\y < Q, 

where the constant depends only on e and T. 

Proof. Let .r € L and k € N*. Set B = B{x, k) and let b satisfy (3.3). Define 

a - V^V(/ -I- kAy^b 

Let p € (1,2). Check that we have the three following facts: 

• Corollary 3.7 yields that the family (VkV(/ + kA)"')^. satisfies weak Gaffney estimates. 

• There holds p{Cj{x, k), Cfx, k)) > if ly - /| > B -i- 1. 

• The operator sfkVil -t kA)“' is bounded on L^. Indeed, The boundedness of VA~5 yields that 

II VkV(/ + kA)-'||2^2 - ll(kA)5(/ + M)-’||2^2 = ll[/ - (/ + kA)-']5||2^2 < 1. 
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Moreover, check that Thus, 


ll»ll, < X ||[/ - (/ + 

j>0 

S Z Z ||[; -v + 

!>0 j>0 

lr-;|>B+l 

< Y, (,,,))+ 2 ] V{x,2jkr~\\b\\L2ic,ix,k)) 

\i-j\>B+l \i-j\<B+l 

< Y, 24)^4 (,,,))+ V{x,likr~\\bh2^c^^,^,)) 

\i-j\>B+l \i-j\<B+l 

< y 2M^-^ + y 2“'^ 

\i-j\>B+l \i-j\<B+l 

< 1 . 


3.3 Off diagonal decay of Lusin functionals 

Proposition 3.9. Let fi > 0. Then there exists C, c > 0 such that, for all jcq € T and all sets E,F a T satisfying 

(i) sup{p(;co,y), y e F) < p{E, E) or 

(ii) sup{p(;co, Jc), x € E} < p{E,E), 

there holds for all s > 0 and all f € L'(r) n ifiY), 


||L^(/-(/ + sA)-')[/If]||i2(£) 


C 


V{xo,piE,E))2 piE,E) 


II/IIl>- 


The proof of Proposition 3.9 is similar to the one of [Fenl5b, Lemma 3.5] (based itself on Lemma 3.1 in 
[BR09]). 

Lemma 3.10. Let r,u >0, a <2. Then 


y 1 

\ k- / ^ r X-^l 

2' 

^ k 

\keW 

{k + uf\ k + u) 



Y 1 k<^ 


1 + 


-N 


with a constant C independent on d and u. 


Proof (Lemma 3.10) 

If k e [2", 2”‘'‘'], remark that k ~ 2'\ k + u ^ T' + u and 1 + ^ - 1 + with constants independent on 
k, n, u and r. Therefore 


20 















ViteN* 


{k + uy 


1 + 


k + u 


-N' 


^2^ 


< 


< 


2 ^. 

V«€N 

V — 

z_t nn 


1 + 


(2« + m)2 \ 2” + M 




neN 


(2” + m)2 


1 + 


2” + u 


< 


Zi 


1 


k (k + u)^ \ k + u 


1 + 


-w 


-w 


Proof. (Proposition 3.9) 

Without loss of generality, we can assume that / is supported in F. We can also assume that xq, E and F 
satisfy assumption (i) (if they satisfy (ii) instead of (i), the proof is similar). 

First, since Hm?” the Taylor series of the function (1 - z)“t, one has the identity 

(/-(/ + ^A)-i)/-(^A)(/ + ^A)-‘/ 

5A 


1 + 5 


1 + 5 


P f 


_ six -^ ( s 
~ 1 + iZjil 


m=0 


+ 5 


p,nf 


(3.11) 


= sA^b,„P'y, 


m=0 


where bm ■= 


(i+i)” 


— and the series converges in L^{T). Notice that 


'y j bfii — 1 . 


m=0 


(3.12) 


Moreover, let k be the only integer such that k<J3+1<k+1. Since /? > 0 and k is an integer, notice that 


1<K (3.13) 

If is the Taylor series of the function (1 - then one has 

A^+V - 2] a/P'A'^+V (3.14) 

/>o 

where the sum converges in L^{T) (see [Fen, Proposition 2.1] for the proof of the convergence). 
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The Minkowski inequality together with the identities (3.11) and (3.14) yields 


WLfsil - (I + sA)-^)fh2^E) 

m{x) 


1 

\2 




k>\ 




< 


< 




k>\ yeDk{E) 


xeB(y,k) 


m{x) 
V{x, k) 


^ k^l^-^\\Al^P’^-\l - (/ + 5A)-')/|| 


'\ 2 


tel 


Pmm 


< s Y, aiK 


1 

\ 2 


/,m>0 \k>l 


LHOkiE)) 


^ aibm Y 




l,m>0 V^>1 


where D^iE) denotes the set {y € T, p(y, E) < k) 

We want to get the following estimate estimate: there exists c > 0 such that 


l{k, I, m) < J{k, I, m) k^*^ 


1 


1 


V{xo,p{E, E)) (k + l + ni)2 \ k + l + m 


1 + 


p{E,E) 


-N 


WfWp 


We will first establish (3.15) when k < . In this case, notice that 

p{E, E) p{E, E) 

piD,iE),E)>Py^-k>P-^ 

and thus {Dk{E), E, xq) satisfies fhe assumpfion of Corollary 2.7, which implies 

kP 


I{k, I, m) < 


1 


{k + l + v{xo, k + I + m)5 \ 2^(^ + l + m) 


1 + 


P(E,E) 


II/IIl' 


< 




+i-ff 


1 


{k + l + mf V{xo,p{E,E ))'2 


1 + 


p{E,E) 
k + l + m 


-N 


ll/llc 


where the last line holds thanks to estimate (3.13) and Proposition 1.5. 


Otherwise, k > 


P(E,F) 


(3.15) 


23 — and then {E,XQ,k + I + m) satisfies fhe assumpfion of Corollary 2.7, which yields 
kP 1 


l{k, I, m) < 


< 


< 


{k + l + mY+^ V{xo,k + l + m )2 
kP+^-K 1 

irTT^i -rll/lb 

{k + l + my V{xQ,p{E,E ))2 

kP+\-K ^ 


rll/llc 


(3.16) 


ik + l + my V{xo,p{E,E))^ 


1 + 


piE,E) 
k + l + m 


-N 


WfWp 


where the second line holds thanks to (Dp) and (3.13). This ends the proof of (3.15). 
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Recall that 1 +/?-/<:€ (0,1]. Then Lemma 3.10 implies 


Z jaib,„J{k, l,m) 


kj,m>0 


< S 


M 


\\f\y 




p(.E,F) 

V{xo,p{E, F ))-2 ^ + my \ n + m 


-N n-1 


(3.17) 


^ ai{n - if F 


1=0 


We claim 


«-i 


2 ai{n - < 1 . 


1=0 


Indeed, when (3 = k, one has ai = I if I = 0 and equals 0 otherwise. Therefore the estimate is true. If p < k, 
[FenlSb, Lemma B.l] yields that ai < (I + and therefore 


«-i 

^ ai{n - lf~'^ < I - tf~‘‘dt < + 00 . 

/=o 


Besides, 


S — 

(n -i- r 


n>l 


p{E,F) 
{n + mf \ n + m 


1 + 


-N 


■-p{E,F)-^Y, 


piE,F) 


«>i 

>(£T) 


n + m 


1 + 


p{E,F) 
n + m 


-N 


<p{E,F) 
<p{E,F)-\ 

Consequently, the estimate (3.17) yields 

\\Lp{I - (/ + sE)-^)f\y(E) ^ 


Z'- z 

n=l n>p(E,F} 


p{E,F) 
m + n 


1 




V{xo,piE,F))-2p(E,F) 

= -^-TT^TTlI/lb 

V{xo,p{E,F))2 P(.E,F) 

where the last line is due to (3.12). 

In the same way, we have 

Proposition 3.11. With the same assumptions as Proposition 3.9, for any f € L*(r) n L^(r), there holds 

1 

C 


\\LM - (I + sA)-^)hflF]\\L2rE) < 


V(xo,p(E,F)f \piE,F) 


ll/lb- 


Let us define a discrete version of the Littlewood-Paley functionals, that can be found in [Fen 15b]. For 
any P > 0, the functional gp is defined as 


gpfix) ^ 




U=1 
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Proposition 3.12. With the same assumptions as Proposition 3.9, for any f € L*(r) n L^iT), there holds 


WLpil - P')[/11f]|Il2(£) 


< 


C 


and 


wgpil - p^)um\LHE) < 


Vixo,p{E,F))'2p{E,F) 

C k 

V{xo,p{F,F ))-2 P(E,F) 


ll/lb 


II/IIl* 


Proposition 3.13. Let m > 0 a real number. If we have the same assumptions as Proposition 3.9, then for 
any f e L'(r) D L^(r), there holds 


\\gp{kAnflF]\\L2(E) 


c 


V{xQ,p{F,F))h \piE,F) 


WfWp 


Proof. The proofs of these three propositions are similar to the one of Proposition 3.9 and are left to the 
reader. See also [Fenl5b, Lemma 3.5] and [Fen, Lemmata 2.14 and 2.18]. □ 

As a consequence, we have the following result 


Theorem 3.14. Then for all yS > 0, the functional Lp is bounded on LP(T)for any p e (1,2] and also bounded 
from to L\T). 

Moreover, ifgp is the discrete Littlewood-Paley quadratic functional defined for any j3 > Q as 


gpf(x) = 


^e/^-^\AP'‘-^f{x)f 


\k=i 


then gp is also bounded on L^(F)/or any p e (1,2] and bounded from L^’°°(F) to L'(F). 

Proof. We set As = It is then a straightforward consequence of Theorem 2.14, Proposition 3.12 and 
Corollary 2.7. □ 


4 Equality of Hardy spaces 

In this section, (F,p) is a weighted graph as defined in Section 2.1 verifying (LB). We assume that there exists 
a function yS bounded from below by 1 and from above by B such that F satisfies (Dp) and (UEp). Under fhis 
circumsfances, p denofes fhe quasidisfance and fhe mefric considered is fhe one of p (see Section 2.2). 

4.1 Definition of Hardy spaces 

We define fwo kinds of Hardy spaces. The firsf one is defined using molecules. 

Definition 4.1. Let e e (0,+cx3). A function a € L^(F) is called an e-molecule (onT) if there exist x € T, 
k eW and a function b € L^(F) such that 

(i) a = [/ - (7 + kA)-^]b, 

(ii) \ML2{Cj(x,k)) ^ 2~^^V{x,2^k)~ffor all j > 0. 

We say that an e-molecule a is associated with a vertex x and an integer k when we want to refer to x and k 
given by the definition. 
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Definition 4.2. Let e € (0, +oo). A function a € 1?'{Ty) is called an e-molecule (on Ty) if there exist x 
k eN* and a function b € L^(r) such that 

(i) a= sTiidil + kA)~^b; 

(ii) \\b\\i2^Cj{x,k)) ^ 2-J^Vix,2Jk)-^ for all j > 0. 

Corollaries 3.5 and 3.8 state 


Proposition 4.3. As it has been seen in Propositions 3.5 and 3.8, when a is a molecule occurring in Definition 
4.1 or in Definition 4.2, one has 

IWIl‘ ^ 1- 

Definition 4.4. Let e e (0,+oo). We say that a function f on Y (resp. on Ty) belongs to (resp. 

if f admits an e-molecular representation, that is if there exist a sequence and a 

sequence of e-molecules on Y (resp. on Ty) such that 

OO 

(4.1) 

i=t) 

where the convergence of the series to f holds pointwise. Define, for all f € (resp. f e ^hoi e^'^t')), 


inf O Z Ajaj, is an e-molecular representation of f 
(7=0 7=0 

Proposition 4.5. Let e € (0, +oo). Let E be the graph Y or the tangent bundle Ty. Then: 

(i) the map f \-^ WfWrii is a norm on the space , (E), 

^mol,6 17101,6 

(ii) the space is complete and continuously embedded in L^{E). 

Proof. Proposition 4.3 shows that, if / is in the series (4.1) converges in L^{E), and therefore 

converges to / in L}{E). This yields (/) and the embeddings in (ii). Moreover, a normed linear vector space 
X is complete if and only if it has the property 


Y < +00 ^ ^ fj converges in X. 

7=0 7=0 

Using this criterion, the completeness of the Hardy spaces under consideration is a straightforward conse¬ 
quence of the fact that ||a||^i < 1 whenever a is a molecule. See also the argument for the completeness of 
in [HM09], p. 48. □ 

The second kind of Hardy spaces is defined via quadratic functionals. 

Definition 4.6. Define, for {3 > 0, the quadratic functional Lp on L^(Y) by 


Lpfix) = 


Z 






(tV./ctsytj:) 

where y(x) = {(y, ^) € T x N*, p(x,y) < k\. 


V{x, k) 


|A^P'^-V(y)pm(y) 
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Definition 4.7. The space is defined for all fi > 0 by 

<«./r)-{/€L2(r), \\L^f\y<+oc]. 

It is outfitted with the norm 

ll/ll^, -IIL^/lb. 

quadp 

The space is defined from as 

KuadpiTr) := {/ € H\Tr), A-U*f € . 

It is outfitted with the norm 

\\f\y :=\\L^A--2d*f\y. 

quadfi 

Remark 4.8. The fact that the map / i-> ||/||^i is a norm is proven in [Fen, Remark 1.20]. 

quadfd 


4.2 


Koi 


nL^ c £ 


1 

quad 


Proposition 4.9. Let e > 0 and /3 > 0. Then ^(F) n L^(F) c and 


\\f\y V/e//l,/F)nL2(F). 

Proof. The proof follows the idea of the one in [Fen, Proposition 4.1]. Let / € n L^(F). Then there 

exist (/l;),gN € and a sequence (a;),gN of e-molecules such that f - Yj where the convergence is in 
L^F) and 

/€N 

First, since ||P*^||i ^1 < 1 for all k € N, the operators and then A^P^ ' are L'-bounded for yS > 0 (see 
[CSC90]). Consequently, 

ieN ieN 

with convergence in L^(F). Since the -convergence implies the pointwise convergence, it yields, for all 
X € F, 


(eN 

< 2] IT,I \A/^P^-^ai{x)\ . 


/eN 

From here, the estimate 

IIWIIp = EpJ] A/a/ < |T,]||L;ja,]|p 

isN 1} ieN 

is just a consequence of the generalized Minkowski inequality. 

It remains to prove that there exists a constant C such that for all e-molecules a, one has 


IIVllp < c. 


(4.2) 
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Let X er and k eW associated with the emolecule a. By Holder inequality and the doubling property, 
we can write 

00 

II VIIl' ^ 2 ] 24 ) 5 II( 4 - 3 ) 

j=0 

Besides, we write a = {I - {I + kA)~^)b and then b = ^[]lc,(x,jt) b] to get 

;>0 

llVIb ^ 2] L4,24)5||L^(/-(/ + M)-1)[1 ckx,^)^]|Il2(C,(x,^)) 
ij>0 

< Y, 24)5||L^(/ _ (/ + ^A)-I)[llc,(.,i) ^]|Il2(c,(.,^)) 

\i-j\<B ( 4 . 4 ) 

+ 2] L(^,24)5||L^(/-(/ + M)-i)[llc,(.,i)^]|lL5(c,(x,i)) 

:= h + h 


The term 1\ is evalutated first. The -boundedness of Lp (see Theorem 3.14) and the uniform -boundedness 
of 7 - (/ -I- i'A)"^ implies 


||L^(/-(/ + Mr')[nc,u,„6l||y < ll^llLAC,(x,yt)) ^ 


V{x, 2‘k)-- 


And with the doubling property (Dyj), 


/, s X 2 "' 

\i-j\<B 


V(x, 2Jk)Y 
V(,x, 24) 




< 1 . 


i>0 


(4.5) 


We turn to the estimate of I 2 . If |/ - 7 I > B - 1 - 1, one has 


p(Cy(A:,^),C,(JC, 4 ) ^ p{x,y), sup p{x,y)\. 


\yeCj(x,k) 


yeCi{x,k) 


That is Cj{x, k), Ci{x, k) and x satisfy the assumption of Proposition 3.9. Consequently, 


72 < 2 V{x,2Jk)h-i^<^^^^\\bUHcAxM 


\i-j\>B+\ 


< 


y 2 -i-‘ 2 -i 4 Ak}!R\ 


< y 2 -‘-“ 

< 1 . 


where the third line is a consequence of Proposition 1.5. We conclude by noticing that the estimates on 1\ 
and I 2 provides exactly (4.2). □ 


Proposition 4.10. Let e > 0. Then 77‘ (Tr) n 7744) c , (4) and 


ll/p 


moI,A 

< 


quad. 


ll//‘ , 

mol,e 


quad ,: 

v/€ 77 l, ( 4 )n 7744 ). 
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Proof. The proof is similar to the previous one then we will point out only the main dilferences. Since d* and 
are L'-bounded, it is enough to prove the uniform boundedness of ||Li A~ 2 d*a||ii when a is an e-molecule. 

However, notice that if a = ^d{I + kA)~^b (with k, b associated with a), one has 

IILi A-5d*a||ii = ||L, (/ - (7 + kA)-^)h\y. 

We conclude then as in Proposition 4.9, using Proposition 3.11 instead of Proposition 3.9. □ 

Proposition 4.11. The space Eq{T) is continuously embedded in ^ , (T) and 

ll/ll/r‘ , ^ ll/ll£> V/ € £‘(r). 

quad, -j 


Proof. We refer to subsection 2.5 for the definition of Eq{T) and of atoms. 

Due to the definition of SqCT), we only need to check that the quantity HL^jall^i is uniformly bounded on 
atoms. The proof is analogous to the one of Proposition 4.9, using Proposition 3.12 instead of Proposition 
3.9. □ 


4.3 


P ’1 

quad 


Kot n 


Let us introduce first the functional njjp 


T^iT) 


L^(r) defined for any real yS > 0 and any infeger q > /3hy 


^vpEix) 


+ P)^P>-^F{.,l)]{x) 

/>! ^ 


where ^ c’jz^ ^ is fhe Taylor series of fhe funcfion (1 - z) 'i. Lef us recall Lemma 4.8 in [Fen]: 

/>! 

Lemma 4.12. The operator jT^jp is bounded from T^{T) to L^(r). 

Lemma 4.13. Suppose that A is a T^{T)-atom associated with a ball B c T. Then for every M € N*, yS > 0 
and e e (0, -l-oo), there exist an integer q = qp^^ and a uniform constant Cp^e > 0 such that C^^^TtjjpiA) is a 
e-molecule associated with the ball B. 

Proof. Lef do be fhe value fhaf appears in Proposition 1.5. Sef q = \^ + e + P\ + 1, fhaf is fhe only infeger 
such fhaf 

^ ‘^0 „ . 
q> -;^ + e+ P + 2>q-\. 

Lef A be a T^-afom associafed wifh a ball B of radius k and cenfer xq. We wrife 


where 


a := TtrjpiA) = kA{l + kA) ^b 



+ Pfpi-^A{.,1) 
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Let us check that a is an e-molecule associated with B, up to multiplication hy some harmless constant 
First, one has, for all h € L^(B{xo, Irj^k)), 

o’ 


fei 


< 


i>i ^ 

+ P)’^P‘-^h\\L2^s) 


I>1 


( k 


^ IIAIIt’S 


^ IIAIIt’S 


1 

^ 2 




/=! 
( k 


^ ;2(7,-/J)-1 
,/=l 




+ IIA-'-^C/ + P)^P'-^h\\l,^j^^ 


L\B) 


1 

^ 2 


< iiAiir2 (||g,-/3-i(/+ pn\\^, + ||g,-/3(/+ pnWYj 

< ||A||r2 ||(/ + Pfh\\^, 


< 


1 


T \Mp 


V{B)2 

where we used the -boundedness of the quadratic Littlewood-Paley functional for the last but one line (see 
[Fenl5b, Lemma 3.2], [LMX12]). 

Let j > B \0g2ir]) > 1 and h € L^(Cj(xo, k)). Note that y € Supp(/ - 1 - Pfh implies that p{y, xq) > 2P^~^k. 
Thus p(Supp(/ -I- P)’^h, B) > 2^k. Check then that 


\{b,h)\<\\A\\T2\ 

k 


( k 


Y + kA)A^-l^-\l + 


U=1 


< 


k’^~^-HA\\T2 


( k 


Y + PfP^-'h\\l,^^^ + /^IIA^-^C/ + 


U=1 


< k’<-P-HA\\T2 [IlGiA^-^-^C/ + P)''/i||^2(g) + ||GiA''-^-2(/ + PfhW^j^Y 

1 


< 


V{xo,2ik) {2jk)^-P 
< 2-2(T+-)||A||r2 \\hh2 
2-i(T+<^) 


hn-p-'i 

--^iiAiir.||(/+o’'/.|L, 


< 


< 


V{B)2 

2-P 


— \\h\\p 


— \\h\\p2 


V{VB)2 

where we used Proposition 3.13 for the forth line and Proposition 1.5 for the last one. We conclude that, up 
to multiplication by some harmless constant, b is an e-molecule. □ 


Proposition 4.14. Let e > 0 and yS > 0. Then E]^uadp^^ *- A^(F) and 


quadJS 
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Proof. Let/€£;,,^^^(r). Weset 

F(.,Z) = [/A]V-i/. 

By definition of one has that F € r^(r). Moreover, since / € L^(r), -boundedness of 

Littlewood-Paley functionals (see [BR09], [Fen 15b]) yields that F e T^iV). Thus, according to Theorem 
2.12, there exist a numerical sequence (/l,)i€N and a sequence of T^-atoms (A,);gN such that 

OO 

f = Y, 

i=0 

and 

Z '••'I « 

(€N 

Choose T] as in Lemma 4.13. Since / € L^(r), 

/- 

where the sum converges in L^iT) (see [Fen, Corollary 2.3]). According to Lemma 4.13, 7r^,/3(A,) are 
molecules and then (4.6) would provide an e-molecular representation of / if the convergence held in L^(F). 
By uniqueness of the limit, it remains to prove that Z converges in L'. Indeed, 

2 U/l ||%MA/)|L, < Id,I 

(€N (€N 

< -I-CX3 


in r^F) and T^{T) 


lli^llri = \\f\y , ■ 

quadf5 


+00 


i=0 


(4.6) 


where the first line comes from Proposition 4.3 and the second one from the fact that (/1,);6 n ^ ("^(N). □ 

Lemma 4.15. Suppose that A is a T^{T)-atom associated with a ball B <zY. Let e > 0, there exist an integer 
p = Pe and a uniform constant Cg > 0 such that Cj'dA“ 2 ;r^ _i^(A) is an e-molecule associated with the ball B. 

Proof Let da be the value in Proposition 1.5. Set again p = \^ + e'\ + 2. We will also write r for [y -i- e] e N*. 
Let A be a T'-atom associated with a ball B of radius k and center xq. We write 

a dA~~-n„ i(A) = Vkd(I -e kA)~^b 

where 


b := 


z 


cj n + kAV- 


+ PfP'~y{.,T) 


1 “ c^ 

-F y. + M)Ai+'(/ + P)''P'+'”-U(., 0 

V/ 


(4.7) 


where Z is the Taylor serie of the function (1 -i- Z:(l - z)) 2 . 

Let us check that a is an e-molecule associated with B, up to multiplication by some harmless constant Cg. 
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Let h € L^{xq, Irj^k). One has with the first equality in ( 4 . 7 ), 


\{b,h)\<k-^~y,—r 
^ V/ 


/>! 


A(., Z), (7 + M )5 a 1 +'(/ + PfP‘~^h 


3/-li 


r 5 ^||A(., Z)||i 2 (B)|| (7 + M )5 Ai +'(7 + PfP^~^h\\:2 


c 

/>! ^ 

7 k 


< ||A||j-2^ 2 


< ||A||j-2Z: 2 


1 

^ 2 


y (7 + M )5 a 1+'(7 + 7 ’)''p'~‘/r|| 


/=! 

k 


1 

^ 2 


2 ] (7 + 7 :A )5 a 1+'(7 + PfP’~^h\\ 

. 1=1 


2||(7 + P)''/r||i2 


< wAhmy 


where we use that the functionals h k ^ 


( k 


^1/2 


y /2(l+f)| ^ a1+'P'-‘/i|2 


V/=l 


are -bounded uniformly 


in k. Indeed, since (- 1 ) ^ Sp(P), functional calculus provides, for some a > - I, 


II (7 + 7 :A )5 A'+'p'-^/iII^^ = £ (l + k(l - A))(l - 


Thus, 


r 1 ^ z2(i+'>|| (7 -7 M)5 A'+'p'“1/i|| 


/=! 


/' 


< ( 1 - 4 ) 


< 


iv 1 ^ 

) ^ A^^^~^UEhh{A) + f ( 1 - 4 ) 24 + 4+1 ^ z 24 + 4 q 2 (;-i)j£.^^^(-^) 

X I oo 1 oo 

(1 _ q) 2 (i +0 z 2 (i+ 0 -iq 2 (/-i)^£^^(^^ + ( (1 - 4 ) 24 + 4+1 ^ ^Al-DdEhuiA) 

lEl 'ka 


< 


I 


4)24+4 

1 (1 - 4 ) 24+4 

(1 - 42)2(1+4 


dEfifi(^A) + 


I 


1 (1 _ q)2(i+0+i 

(1 - 42 ) 2 ( 1 + 4+1 


dEhhiA) 


- f [(l+4)-24+4+(i+4)-2(i+0-i]^£^^^^(q) 

Ja 

/' 


^ dEhh{A) - 


where the third inequality comes from the fact that ^ ~ c^j (see Lemma B.l in [Fen 15 b]). 

Let j > Plog 2 (?/) > 1 and h € L^{Cj{B)). One has p(Supp (7 + P)^h,B) > ih (cf Lemma 4 . 13 ). The 
second identity in ( 4 . 7 ) provides 
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C l 

\{b,g)\ < 2 ] a™ 2 -7 + P)''P'+'”-i/i)| 


r' 

ZL 

m=0 />! 

00 ^?7 

< r5 a,n 2] -J^IIAC., Z - 1)||^2(b)||A'+'(/ + kA){l + P)V'+'”-'/i||^ 2 (s) 


< k 5||A||r2 
^ 2 


c 

m=0 l>l 

00 ^ k 

2 a,„ 2 Z2(''-‘)||(/ + Z:A)A‘+'(/ + P)''P'+'”"'/i||22 


! 

\ 2 


Z7i=0 V/=l 


k 


<k 5||A||r2 
^ 2 


\\ii+pm\L2Y,^,n 2]z2('+i) 


Z:^ + (Z + ni)^ 


/71=0 V/=l 


(Z + ^ I + m 


1 + 


(B) 


24 


-N\ 


where the last line holds for any N e N with Proposition 3.2 (the constant depends on N). If we fix = 
2(2 + t), we obtain 


Z k 


1 

^ 2 


\{b,g)\ < k-kAiyjlil + P)4||^2 flm 2] z2('+i)C(24)-2(2+d + (24)- 


■ 2 ( 1+0 


m=0 


J=l 

k 


1 

^ 2 


<r5||A|ir2||/iib(24)-<i+'^ 2]z2(i+^) 


\m=0 yv/=l 


< 


r2||Zr||i22-^'(i+^) 


<- r\Mp 

V{B)2 

2-P 


■ -\\h\\r2 
V{VB) ^ 

where we used the relation X = 1 for the third line and the Proposition 1.5 for the last one. 
Proposition 4.16. Let M e N and e > 0. Then j (Pp) c . (Pp) n H^{Ty) and 


quad, 


IIGIU < IIGIU 


quad, 7 




Proof. LetGeP' , (Pp). We set 

quad, 4 


P(., Z) = VzTTp'rZ*G. 


By definition of Pl^ i(Pr)> one has that F e P*(r). Moreover, since G e P^(Pp), Proposition 2.5 yields 

quaa ,^ 

that A“5tZ*G € L?(G) and therefore, with the -boundedness of Littlewood-Paley functionals, F € P^(r). 

Thus, according to Theorem 2.12, there exist a scalar sequence (/1,)(€N ^ and a sequence of T^- 

atoms (A,)/gN such that 


F = 


= AiAi in pi(r) and in T^{T) 


i=0 


and 


2 Id,I < IIPIIpi - IIGII^, 


quad, 25 


32 

















— 1 9 

Choose 77 as in Lemma 4.13. Using [Fen, Corollary 2.3], since A id*G e L (F), 

iF (.,0 

V’ 2 
+00 

;=o 


where the sum converges in L^(F). Recall that dA ^d* = Idjji^Y^y Moreover, dA 2 is bounded from L^(F) to 
L^iTr) (see Proposition 2.5). Then 

+00 

G = 2]T,dA-5;r^.(A;) (4.8) 

(=0 

9 ^ 

where the sum converges in L (Ty). According to Lemma 4.15, dA “2 7 r^ 1 (A,) are e-molecules and then (4.8) 
would provide an e-molecular representation of / if the convergence held in L^(F). By uniqueness of the 
limit, it remains to prove that X ^idA~^n^ i(A,) converges in L'. Indeed, 


Z ''•'I 

7€N 


dA" 




LHTt) 


sZl2.l 


< -l-CXD 


where the first line comes from Proposition 4.3 and the second one because (/l,),gN € ^'(N). □ 

4.4 Completion of Hardy spaces. 

Theorem 4.17. Let jS > 0. The completion ^^„a^^(F) of in L'(F) exists. Moreover, if e e (0, - 1 - 00 ), 

then the spaces ^,J,o/f(F) and El^q^adp^) coincide. More precisely, we have 

^i„«rf,/r)-//k,M,g(r)nL2(F). 

Once the equality is established, this space will be denoted by H^(T). 

Proof. Let 7 S > 0 and e > 0. Propositions 4.9 and 4.14 yield the equality of spaces 

^L..(r)nL2(F)^£;,,^^(F) (4.9) 

with equivalent norms. In particular, F^gu^^^CF) c L'(F). 

Since the space of finite sum of e-molecules is dense in ^^j^/^CF) (see [BZ08, Lemma 4.5] or [Fen, 
Lemma 3.5]), the space ^,5,o/g(F) is the completion of ^^Jj^/^CF) n L^(F) in L} . The completion 
^\uadp^^ in L^(F) exists then too and satisfies 

with equivalent norms. □ 

Theorem 4.18. Let f > 0. The completion ^\uad ^k^^r) exists. 

Moreover, if e € (0, - 1 - 00 ), then the spaces ond H^^adcoincide. More precisely, we have 

Eluad,p(Tr) = Hl,^^iTY)nH\Tr). 
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Again, the space ^ will be denoted by H\Tr). 

Proof. Let e > 0. Propositions 4.10 and 4.16 yield the continuous embeddings 

fiUe^Tr) n L\Tr) c E\jTr) c n L\Tr) 

from which we deduce the equality of the all the spaces, with equivalent norms. 

It follows that the completion of . {Ty) in L^{Ty) exists and satisfies, since //' . {Ty) is the 

quad,j mol,M-'^,p,E 

completion of //' , (Tr) n L^{Ty) in L}(Ty), we deduce as in the proof of Theorem 4.17 that 

mol,M-fp,£ 

with equivalent norms. 

Moreover, notice that if F € H^{Ty), 

P ^ Pluad/Tr) ^ A--^d*F € (4.10) 

Indeed, the implication A~^d*F e ^ F € is obvious, and the converse is due to 

Proposition 2.5. Theorem 4.17 implies that all the spaces yS > 0, coincide. Together with (4.10), for 

all yS > 0, the spaces coincide with F^ ^ i Hence, for all yS > 0, the completion 

of E^^^^^p{Ty) in L^{Ty) exists and satisfies 

Kuad,piPT)-<ol,eiTT) 

with equivalent norms. □ 

5 Proof of Theorem 1.6 

Let (r,yu) be a weighted graph as defined in Secfion 2.1. Assume fhaf T satisfies (LB), (Dyj) and (UEyj). 

Lef T/^r) and //'(Fp) by fhe fwo spaces defined wifh Theorems 4.17 and 4.18. The Theorem 1.6 will be 
proven if we prove fhe four following facls. 

(1) The spaces //^(T) and FI^{Ty) are included in F^(r) and F*(Fr) respectively. 

(2) The operator dA“ 5 salisfies 

\\dA--2f\\H^^Tr) - ll/ll/ti(r) V/ € H\r) n L\r). 

(3) Lef (9 be a -bounded linear operator, which is also bounded from H^{T) n F^(r) to F*(r). Then 

IIO/llL.(r) < C||/||L.(r) V/ € LPiT) n L^T), 
fhaf is O can be exfended to a linear operafor bounded on LP{T). 

(4) The Riesz fransform VA“5 satisfies 

||VA-5(9/|b,(r) < C\\f\\Lr(Y) V/ € LPiT) n L^T), 

and fhus can be exfended fo a L^(r)-bounded operafor. 
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The fact (1) is given by the fact that //'(T) = ^'(T’r) - ^mo/e(^r) are continuously 

embedded in L^(r) and L^{Ty) respectively (see Proposition 4.5). 

The fact (2) comes from the definition of the Hardy spaces via quadratic functionals. Indeed, by definition 
of the norm in have, for any / € //'(T) n L^(T) 

\\dA-h\\H^iTr) - 

- Il/ll//'(r) 


Check that Proposition 4.11 yields the inclusion £" 0(0 c //'(T). Recall that fact (1) says that //^T) c 
L^(r). Therefore, Corollary 2.17 implies exactly fact (3). 

It remains to verify fact (4). Note that it will be a direct consequence of facts (1), (2) and (3) if the operator 
VA “2 were linear. 

Facts (1) and (2) yields 

ll^£ ^/llihr) = 11'^^ ^/llL'(rr) ~ 11^^ ^fllndTr) ~ ll/ll//‘(n- 

Define now for any function 0 on Tp the linear operator 

V^/Cx) ^ '^p{x,y)df{x,y)(l>{x,y)m(y). 
yer 

The boundedness (5.1) yields then the estimate 

l|V^A“5/||pl < ||VA“5/I|^,^j,^sup|d.(x, .)|7’^ < \\f\y SUp\(f>{x,.)\T,- 

xer xer 

Moreover, since ||VA“5/||p2 = 11/11^2 (cf (2.8)), one has 

IIV^A'Vlb < ||/||z ,2 sup|0(x,.)|r^. 

jtsr 

Set (f>f{x,y) = Note that sup \(pf{x, .)| 7 ’^ = 1. With fact (3), one has then 

V/(x) xer 

||VA-5/||„ = ||V^,A-V|Il.. < UWd’ 


A Examples of graph satisfying (Dyj) and (UEy?) 

The aim of this appendix is to give some examples of graphs satisfying our three conditions (LB), (Dyj) and 
(UEyj). Indeed, if the condition (LB) is classical and can be seen as a condition of analyticity, the conditions 
(D^) and (UEyj) can look unnatural, in particular when /? is not a constant. 

But first, let us recall some classical estimates. The most common estimates on the Markov kernel pk{x,y) 
are the Gaussian estimates, given by 

Pk{x,y) < - —- exp \ Vx,y € T, Vk e N*. (UE 2 ) 

Vsix, Vk I k j 
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These estimates are satisfied by the Markov kernel when the operator P is a random walk on Z", or more 
generally on a discrete group of polynomial growth (see [HSC93, Theorem 5.1]). The classical result of 
Delmotte [Del99, Theorem 1.7] states that the upper and lower Gaussian estimates on graphs 


Vsix, Vk 


exp -C 


Mx,yy 


< Pkix,y) < 


c 


Vdx, Vk 


exp 


6(x,yy 


(LUE 2 ) 


are equivalent to the conjunction of (LB), (D 2 ) and the L^-Poincare inequality on balls (and are also equiv¬ 
alent to a parabolic Harnack inequality). Besides, the upper Gaussian estimate (UE 2 ) can hold when the 
corresponding Gaussian lower bounds are not satisfied (see for example two copies of Z” linked by an edge 
in [RusOO]). 

There exist however some graphs where the Gaussian estimates (UE 2 ) don’t hold. It is the case of the 
Sierpinski gaskets ([Bar98]) or the Vicsek graphs ([?]). This kind of graphs, whose behaviors is strikingly 
different from the graphs Z”, are called fractals graphs. On these graphs, the Markov kernel satisfy some 
so-called "sub-Gaussian" estimates 


Pk-iix,y) < 


C 

Vs{x, ) 


exp 


/ 

\6ix,yr] 


-c 

\ 

k 

/ 


Vx,y gT, Vk€N* 


(UE,„) 


where m > 2 is a real constant. Note that (UEm) is incompatible with (UE 2 ). Indeed, with (D 2 ), the estimates 
(UE 2 ) and (UE,„) yields respectively the on-diagonal lower bound P 2 k{x, x) > —and P 2 kix, x) > — 

Vsix,yk) Vs{x,km) 

(see Proposition A.5 below). Therefore the conjunction of (UE 2 ) and (UE,„) provides a contradiction with 
the doubling volume property. 

Necessary and sufficient conditions for (UE,„) and the corresponding lower bounds to hold have been 
given in, for instance, [GTOl], [BCK05] and [BGK12]. Some results on sub-Gaussian estimates are also 
collected in [GriOl]. 

In the sequel, we say that T satisfies (Vo) if 

Vs(x, r) ^ r" Vx e T, Vr € N*. (Nd) 


Clearly, (Vo) implies (D 2 ). It is shown by Barlow in [Bar04] that 

Theorem A.l. For any real D > \ and 2 < m < D + I, there exists a graph satisfying (Vo) and (UE,„). 
Moreover, the range of D and m are sharp. 

Eor example, the classical Sierpinski gasket satisfies (Vo) and (UE,„) for D - log 2 3 and m - log 2 5. 

The Gaussian and sub-Gaussian estimates (UE 2 ) and (UE„,) are stronger than the estimates (UE^) when 
P = 2, m. It is only a consequence of the fact that an exponential decay is faster than a polynomial decay. 
Therefore, our results work for the two cases of graphs that satisfies the Gaussian and sub-Gaussian estimates 
(UE 2 ) and (UE„,). However, we will describe below a case of graph that satisfies neither (UE 2 ) nor (UE,„) 
and yet satisfies our condition. That is why our assumptions have been expanded to the case where p is not 
a constant. We do not think that there exists a graph satisfying (UE^) for any bounded function p that satisfy 
our condition - for example, there are no graphs satisfying (UE^) with p = \ - but we didn’t find a way to 
prove that the function p has to be greater than 2. 

In the cases where is a constant (Gaussian and sub-Gaussian cases), it is easy to check that the condition 
(Dyj) is equivalent to the doubling property 


Vs{x,2r) < CVs{x,r). 


(DV2) 
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However, the condition (D 2 ) is not the good "doubling" property, because the balls in a graph with the metric 
given by p can be ellipsoids for the same graph with the metric given by 6 . That is why the doubling 
condition in our case depends also on the parameter p. 

We present now a graph T that satisfies (D^) and (UE^) for some function yS, but that doesn’t satisfy (UE,„) 
for any real m. In order to do this, we will build the graph E as a product of two graphs E 1 and r 2 that satisfies 
(UE„,) for differenf values m\ and m 2 . A more general discussion about the fact that the off-diagonal decay 
of fhe Markov kernel may depend on the direction can be found in [HK04b, HK04a]. 

Definition A.2. Let (ri,p') and (r 2 ,p^) be two weighted graphs. The graph (r,p) is the free product ofT\ 
and T 2 if 


(i) E - El X r2, 

(ii) for all x = (xi,X 2 ) e E andy = (yi,y 2 ) €T,p^= p\^y,pXy^, 

Note that in this case, if 6 \ and 62 are the canonic distances on (ri,pi) and (r 2 ,p 2 ) respectively, then the 
distance on E is 6 {x,y) := max{di(;ci,yi), d 2 ter^ 2 ))- 

Remark A.3. Let (r,p) be the free product of (ri,p^) and (r 2 ,p^). Then the following facts are satisfied for 
any vertices x = {x\,X 2 ) andy = (yi,y 2 ) 


(i) X ~ y if and only if x\ ~ yi and x\ ~ yi. 

(ii) 6 {x,y) = max{tii(xi,yi),d(x 2 ,y 2 )), where 6 , tii and 62 are the canonical distances on E, Ei and r 2 
respectively. 

Proposition A.4. Let (ri,p^) and (r 2 ,p^) satisfying (LB). Set {T,p) be the graph defined as the free product 
ofT\ and Y 2 . Then the graph (r,p,p) satisfies (LB). 

Moreover, let P\,P 2 be functions bounded from below by 1 and from above by B. lfY\ and T 2 satisfy 
respectively (DpP, (UEj^J, (DpP and (LfEpP, then Y satisfy (Dyj) and (UEyj) with 


P ■.= sup 



Indi 

Inti 


,P2 



(A.l) 


when ti > 2 and P = I when ti < 1. 

Proof. Let p, p\, p 2 , m, mi, m 2 the measures and the Markov kernel of respectively the graphs E, E 1 and r 2 . 

Remark that p{x,x) = p^{xi,xi) ■ p^{x 2 ,X 2 ) and m{x) - mfxi) ■ ^ 2 (^ 2 ). Thus, the fact that E satisfies 
(LB) if and only if both Ei and r 2 satisfies (LB) is immediafe. 

Check that by definition of p, one has \ < p < max{ySi,yS 2 ) and 

ti^ = sup{ti^‘,ti^^). 

Set p := ti^. Pi := ti^‘ and p 2 ti^^ By construction, one has Bp{x,k) = Bpfxi,k) x BpPx 2 ,k). As a 
consequence, 

Vp{x,k) = Vpfxi,k)Vpfx 2 ,k) 

and then assertion (D^) follows from the assumptions (D^j) and (Dyjj) on the graphs Ei and r 2 . 
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Recall that we have by construction p{x,y) = p^{x\,y\)p^{x 2 ,y 2 )- Therefore, by induction, we get the 
relation pk{x,y) - p\{x\,y\)p\{x 2 ,y 2 )- Consequently, for any € N, 


Pk-\{x,y) < 


Cn 


Vp^{Xl,k)Vp^{x2,k) 

1 


1 + 




-N 


1 + 


P2{X2,y2) 


<Cn 


Vp{x,k) 


■ min < 1 + 


P\ixi,yi) 


-N 


. 1 + 


P2{X2,y2) 


= Cn 


1 


Vpix,k) 


-Cn- 


1 


1 + 


1 + 


m&x{pi{xi,yi),p2{x2,y2)} 


k 

-N 


-N 


-N\ 


P(x,y) 


-N 


Vp(x,k) 

Thus r satisfies (UE^). □ 

We need also the classical following result. 

Proposition A.5, Let Y be a graph satisfying (D^j) and (UEyg) /or some bounded function /? > 1. Set p := 6 ^. 
Then 

P2k{x, X) - —^ V/: e N*, Vx € E. (A.2) 

Vp(x, k) 

Proof The proof is similar to the one of [CG98, Theorem 6.1], which establish the result when the graph 
satisfies (D 2 ) and (UE 2 ). We will do if again for complefeness. 

The upper esfimafe in (A.2) follows direcfly from (D^j) and (UE^g). 

We turn to the on-diagonal lower estimate. Eet d be the constant that appears in Proposition 1.5. With 
(UE^), one has 

j>ioyeCj(x,k) j>kyeCj(x,k) ^ 


< 




2 hniy) 


j^k 

with a constant that doesn’t depend on 70 , x e E or ^ € N*. Thus can can fix 70 such fhaf 

z z Pk{x,y)m(y) Vx e E, V/: e N*. 

7>7o ysCj{x,k) 

Sef B = Bp{x, Since ^ p{x,y)m(y) - 1, one has 


yer 


^p{x,y)m(y) < ^ 


yeB 


and fhus 


P2k{x,x) = ^pk{x,yfm(y) > 'Y_^Pk{x,yfm{y) 

}>Er yeB 


yeB 


2Vp{B) 
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We conclude by remarking that (D^) implies 

1 ^ 1 

v^) ~ Vp{x,ky 

□ 


Proposition A.6. Let (Fi,//') satisfying (LB), (Vdi) and (UE,„J and (r 2 ,/r^) satisfying (LB), (VD 2 ) <ind 
(UEm^). Then the free product graph {r,p) satisfies (UE,„) if and only ifm - mi - m 2 . 


Proof Assume that (F,//) satisfies (UE„,) for some m. Moreover, according to Proposition A. 4 , F satisfies 
(UE^) with /? satisfying 

p dP = sup{d'”',( 52 ^). 

Therefore, with Proposition A. 5 , one has 


Note that 


and 


" Vp{x,k) " VsixM'^' 
Vp{x,k) - VsfxiX'’'^^)Vs 2 {x 2 ,k^'’^^) - 
Vs{x,k^l’^) = Vsfxi,k^l'”)Vs2{x2,k^'’'f - k^ 


Therefore, m can only be 


m = 


D\ + D 2 

mi , m 2 ' 
Di Df 


(A. 3 ) 


Without loss of generality, we can choose nii < m 2 . In this case, we have nii < m. Since F satisfies 
(UE,„), then we have for any v,y,z e Fj x r2, 

P 2 k{{x, z), (y, z)) = P2/i(x, y)plk(z, z) 


^2 

< k "'1 “2 exp 


d'l\x,y) 


Ik 




Yet, since P2k(z,z) ~ k "’2 (with Proposition (A. 5 )), one has 


1 

P2k(x,y) ^ k “1 exp 

r 

-c 

mx,yy 

2k 

m—1 

,-2i 

< k exp 

/ 

-c 

\5f{x,yy 

2k 



\ -* / 

and so Fi satisfies (UE,„). It implies, again with Proposition (A. 5 ), that for any k € N*, it holds 

_ 2 x _£i_ 

P2k{x, x) ^ k "'I ^ k . 


The last fact is possible only if m = nii. At last, the relation (A. 3 ) allows us to say that m 2 - m - m\. □ 

Corollary A.7. There exists a graph F that satisfies (EB), (D^) and {\JEp)for some bounded function /? > 1 
but that, for any constant m > 2, doesn’t satisfies the combination of (D 2 ) and (UEm)- 

Proof. Theorem A.l yields that there exist Fi that satisfies (V2) and (UE2) and F2 that that satisfies (V2) and 
(UE3). Set F the free product of Fi and F2. According to Proposition A.6, there doesn’t exist any constant 
m> 2 such that T satisfies both (D2) and (UE,„). □ 
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B The case of Riemannian manifolds 

B.l Results 

Let M be a Riemannian manifold. Denotes by m the Riemannian measure et by 6 the Riemannian distance. 
The notation T*M is used for the tangent bundle of M. The operator d denotes the exterior differentiation on 
M and d* is the adjoint of d. That is d maps functions on 1-forms and d* maps 1-forms on functions. Set 
A = d*d the positive Laplace Beltrami operator. As in graphs, we will use V/(x) for the length of the gradient 
\df{x)\. 

Let p : i-> R such that I < p < B < +oo. We set p := B{x, t) = B^(x, t) = {y € M, p{x,y) < t] and 

V{x, t) - V^(x, t) = m{B{x, t)). The following assumptions will be assumed throughout this section: 

• The space is doubling for p, that is 

V{x, 2t) < V{x, t) Vx eM,Vt> 0. (D^) 

• The operator A generates an analytic semigroup Ht := e~'^. The semigroup Ht has a positive kernel ht 
satisfying: for all € N, there exists > 0 such that 

/idAy)<C^(l + ^^) . (UE^) 

Under these assumptions, we can obtain the same assumptions as in the case of graphs, that is 

Theorem B.l. Let M be a connected non-compact Riemannian manifold. Assume that M satisfies (D^) and 
(UEyj). Then there exists two complete spaces H^{M) c L}{M) and H^{T*M) c L}{T*M) such that: 

1. The Riesz transform dbT^ is an homomorphism between H^{M) and H^{T*M). 

2. Every linear operator bounded from H^{M) to L^{M) and bounded on is bounded on LP{M)for 

any p e (1,2). 

As a consequence, the Riesz transform VA “2 is bounded on LP{M)for any p e (1,2). 

B.2 Properties of the space//^(M) 

The spaces H^{M) and H^{T*M) in Theorem B.l satisfies similar properties as H^(Y) and 
we will state only the ones of 

Definition B.2. Let e € (0, -i-oo). A function a € L?{M) is called a e-molecule if there exist x 
a function b e L^(M) such that 

(i) a - [1 - {1 -e tA)-^]b, 

(ii) ll^llL 2 (Cy(x,f)) ^ 2~^‘'V{x,2f)~fforall j > 0. 

Here and after, Cfix, t) denotes some annulus of center x, of small radius 2h and of big radius 2^'''^t. 

Proposition B.3. Let e e (0, -i-oo). The e-molecules are uniformly bounded in L'(M). Moreover, any function 
f € H^{M) admits an e-molecular representation, that is if there exist a sequence (/l/),gN ^ cind a sequence 
(a,),gN of e-molecules such that 

OO 

f=Y,Mai (B.l) 

i=0 

where the convergence of the series to f holds in L^{M). Moreover the (/l,)/gN can be chosen such that 
Zr |2(j - \\f\\Hn(M)- 


(Tf). Eor short, 
€ M, t > 0 and 
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The space H^{M) can also be defined via quadratic functionals. 
Definition B.4. Define, for a > 0, the quadratic functional La on by 


La fix) ^ ( r ^ \itA)"Htf(y)\^dm{y)dt\ 

\J-yix) tVix, t) I 

where yix) = {(jy, t) € M x (0, +oo), pix,y) < t}. 

Proposition B.5. Let a > 0. One has the equivalence 

IIWIIl>(m) - UWh 1(M) 

once f € ifiiM) and one of the two quantities is finite. In particular, the space 

Eluad,piM) ■= [f e L\M), WLpfhpM) < +“) 


can be completed in LfiM). 

In the case where = 2, the space H^iM) constructed here is the same as the one in [DY05], [AMR08] 
or [HLM^ll]. In particular, the space H^iM) has a functional calculus and an atomic decomposition. When 
P = m with m > 2 is a constant, our space H^{M) appears to be the same as the ones in [KU15] and [Chel4]. 
In these two last references, //'(M) is defined as the completed space of fiM) and has also a molecular 
decomposition. The molecular decomposition of [KU15] and [Chel4] is different of ours, but yields the same 
space. Indeed, in the two cases, the authors proved that H^iM) is the completed space of i(44). Note 
also that we gave in the present paper some "weak functional calculus" on H^iM) since the Hardy spaces 
H^{M) can be defined from any quadratic functional La, cr > 0, and not only from L\. This "weak functional 
calculus" is a crucial point in our proof. One can wonder whether there is the same functional calculus on the 
spaces H^{M) as the one found in [AMR08]. We didn’t know the answer of this question. 

B.3 Discussion on the proofs 

All the methods used here have they counterparts in the case of Riemannian manifolds. Most of them can be 
found in [HLM^l 1]. Let us emphasize only two particular points of the proof in the continuous case. 

First, the key point argument of this article, that is the Stein relation used in Proposition 3.6 can be also 
done in the case of Riemannian manifold. It is actually easier to prove because the results from [Dun08] and 
[Fen 15b] on the pseudo-gradient are not needed. In the case of Riemannian manifolds, a result similar to 
Propositions. 6 can be found in [CCFR15, Lemma 2.2]. 

The second point is on the proof of Proposition 4.9. We used the L*-boundedness of A to prove that 

<Y,\Li\\\Laai\y. (B.2) 

1} ieH 

In the case of Riemannian manifold, the -boundedness of A is replaced by the L'-boundedness of the 
semigroup A“//, for f > 0. Indeed, the pointwise estimates (UEyj) and the L^-analyticity of Ht yields some 
pointwise estimates on the kernel of A//(, which implies in return the L^-analyticity of Hf In particular, A"//^ 
is -bounded for any f > 0 and a > 0. 
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B.4 Manifolds satisfying (Dyj) and (UE^) 

As in the case of graph, the function /? has probably to satisfy more properties than the ones assumed (we 
only need yS bounded from below by 1 and from above by some constant B). Yet, the aim of the article is not 
to find the sets of /? that can actually occur. 

A manifold M can be built from graph F by replacing the edges of the graph with tubes of length 1 and 
then gluing the tubes together smoothly at the vertices. In this case, M and F will have similar structures at 
infinity (see the Appendix in [CCFR15]). Together with Theorem A. 1 or Corollary A.7, it yields a family of 
Riemannian manifolds that satisfy the estimates (D^) and (UE^) for some ^ 2. 
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